We investigate the validity of effective field theory methods and the decoupling of heavy fields during inflation. Considering models of inflation in which the inflaton is coupled to a heavy (super-Hubble) degree of freedom initially in its vacuum state, we find that violations of decoupling are absent unless there is a breakdown of the slow-roll conditions. Next we allow for a temporary departure from inflation resulting in a period of non-adiabaticity during which effective field theory methods are known to fail. We find that the locality of the event and energy conservation lead to a tight bound on the size of the effects of the heavy field.
As the accuracy of cosmological measurements continues to improve at a rapid pace, it is crucial to establish a robust and economic way to connect data with fundamental theory. In particle physics and condensed matter systems the framework of Effective Field Theory (EFT) has proven to be very successful at this endeavor (for reviews see [1, 2] ). However, it has been argued by some that these techniques may fail when implemented in cosmology, e.g. because of the time evolution of the cosmological background or due to our lack of knowledge of physics near the Planck-scale (see [3] for a critical review). Others have argued that whatever the relevant quantum theory of gravity may be, it should be unitary and causal, and therefore 'trans-Planckian' effects will decouple at energies of observational interest, in agreement with Wilsonian intuition [4, 5] . Thus far, the second viewpoint seems to be favored since no failures of decoupling have been detected experimentally.
More recently, EFT methods have been further developed for application in both early and late universe cosmology [6] [7] [8] [9] [10] [11] . The approach advocated in [9, 10] is particularly powerful, whereby considering the EFT of perturbations around a given background, the authors capture inflationary models with small sound speed and therefore the potential for a large, observable level of non-Gaussianity. This technique has already proven useful for establishing new shapes of nongaussianity, and therefore new possibilities for observation [12] [13] [14] [15] . Given the promise of this type of approach, it is important to establish its regime of validity and -more broadly -to what extent EFT methods are applicable in cosmology.
In this paper we take a small step toward better understanding the regime of validity of EFT as applied to inflation, and establishing quantitative bounds for limiting the size of effects when it fails 1 . We focus on the case of multi-field models in which a light field is responsible for driving inflation, in the presence of an additional field with super-Hubble (but sub-Planckian) effective mass. We are motivated by recent works on multi-field inflation which suggest that non-trivial field space dynamics may lead to interesting observational signatures involving 'heavy' fields [15, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] -a result that is naively at odds with decoupling and Wilsonian thinking. Many of these papers are reminiscent of earlier work which explored ad-hoc features in the slow-roll potential for possible signatures in the power-spectrum [36] [37] [38] [39] . There it was typically found that, even with such a feature, the consistency of inflation rendered any corrections to the power spectrum negligible. However, for higher point functions -and hence non-Gaussianity -this need not be the case, making such features of potential observational interest and perhaps outside the realm of the EFT. In this paper we attempt to clarify the notion of decoupling of a heavy field and the regime in which the EFT description may be trusted. In particular, starting from well-motivated assumptions on the initial conditions for the heavy field, we will bound the size of potential EFT violations and of the resulting observational signatures. We now summarize our main results.
Summary of Main Results:
We find that if the heavy field is initially in its vacuum at the beginning of inflation, and its effective mass remains super-Hubble throughout inflation, decoupling holds and the inflationary dynamics is adequately captured by EFT methods. We make this statement quantitative by utilizing the adiabatic or WKB method to estimate the level of excitation of the heavy field, and find that the heavy field is observationally irrelevant during a period of standard slow-roll inflation.
We discuss the case when the heavy field is initially displaced and note that such a condition seems to require additional fine-tuning to be observationally interesting.
These results lead us to consider next an ad-hoc modification of the inflaton trajectory. For consistency with observations, this temporary departure from inflation must be localized in time, ∆t H −1 . In particular, we want to ask whether a momentary violation of the slow-roll conditions can be enough to excite a heavy field out of its initial vacuum ϕ H = 0, potentially leading to interesting observational signatures. We find that such a modification can lead to a violation of decoupling (creation of quanta of the heavy field), controlled by the dynamics of the light field and in particular by the size of |φ L ... ϕ L | at the onset of non-adiabaticity. Although fine-tuned, the event must be local -to guarantee a return to standard inflation -and the overall process must respect conservation of energy, even if during the event adiabaticity fails.
Using conservation of energy and requiring an appreciable amount of heavy mode production, we establish a quantitative bound on the dynamics of the inflaton trajectory, as well as a constraint on the mass of the heavy field. Specifically, we find that the window ∆t for particle production must satisfy a rather tight constraint,
implying that adiabaticity and decoupling hold unless the effective mass of the heavy field is close to the Hubble scale,
where we have been overly conservative in the last estimate.
For masses within the range H < M ef f 100 H we make some crude estimates for the impact on the power spectrum, with the best-case estimate giving
suggesting that observations will be difficult in the absence of strong coupling (which here corresponds to Λ m p ). This estimate is based on the 'sudden turn' approximation scheme of [21] and represents the most optimistic case, whereas other estimates lead to an even smaller effect -a careful study of this issue represents work in progress. We also find that the effects of the heavy field imply a negligible change in the sound speed from unity, and therefore negligible non-Gaussianity.
Independently of our estimate, we find that the contribution to the power spectrum is controlled by the hierarchies between the Hubble scale, the heavy field effective mass and the scale of strong coupling -a conclusion that is in agreement with the results of [15, 19, 20] which were obtained by different methods. We note that in the presence of strong coupling, unlike the case of DBI inflation, here we would require a high energy completion of the two-field model. For reasons we discuss throughout the text, this is both theoretically challenging and observationally interesting.
Our bounds can also be applied to constrain the initial conditions for models which consider a 'sharp' turn in field space. In such models [20] [21] [22] it has been argued that allowing for a sharp turn in the trajectory of the inflaton can lead to a potentially large signal of non-Gaussianity. We find that typically such scenarios require an initial displacement of the heavy field, an initial condition which is difficult to maintain for significant amount of efoldings of inflation. Given this, it is natural to ask what is required to generate such a displacement, under the well-motivated assumption that the heavy field starts out in its vacuum. Our conclusion is that such a displacement can only be generated when the effective mass of the heavy field is near the Hubble scale.
Entertaining the idea that some day such fine-tuned features in the inflaton trajectory might somehow be motivated, we take these bounds to suggest that only for 'heavy' fields near the Hubble scale one should worry about violations of EFT methods. Of course, this is already expected, since the cutoff of the EFT should always be taken slightly above the energy of interest for observations -in this case E H. We take this result as motivation to further understand the presence of additional massive degrees of freedom near the Hubble scale, as well as further indication that 'the EFT of Inflation' may be a robust approach to connect data with fundamental theory. The former has been a recent line of inquiry [40, 41] , where it was shown that the presence of supersymmetry may motivate additional massive fields slightly above the Hubble scale.
Outline:
The rest of the paper is organized as follows. In Section II we start by reviewing standard notions of effective field theory and decoupling in cosmology. Section III discusses the violation of adiabaticity in the model, with the corresponding production of heavy modes. It also contains the bounds on the size of these non-adiabatic effects. Section IV is dedicated to a discussion of work in progress, including initial estimates for the size of the effect of the production event on the power spectrum. In this section we also discuss the connection of our approach to the existing literature on turns in field space, as well as the effective field theory of inflation approach to heavy field dynamics considered in [15] . Finally, the Appendix summarizes the geometric interpretation of the two field model and gives a mapping between our notation and that used in [21] .
We note that during the final stages of this work, the studies [42] [43] [44] appeared which have some conceptional overlap with our discussion. A complementary feature of our approach to those works is that our treatment of production of the heavy field can be viewed as addressing the choice of initial conditions in these papers, where the heavy field is assumed displaced from the onset.
II. EFFECTIVE FIELD THEORY, MASSIVE FIELDS, AND COSMOLOGY
We begin with a theory described by the following two-derivative Lagrangian 2
where γ ab denotes the metric on field space, and for simplicity we restrict our attention to the case with only two scalar fields φ a = {ϕ L , ϕ H }. The notation is suggestive: ϕ L denotes a field which is light compared to the Hubble scale, while ϕ H is a field whose effective mass is assumed to be heavy (naively m H > H, however this will be made more precise below). Given these assumptions for the hierarchy of masses, at tree level we can 'integrate out' the heavy field to obtain an Effective Field Theory (EFT) for the light field (see [2] for a pedagogical review). We now outline briefly how such a procedure works. For concreteness we take the field space metric and the potential to 2 We will work with metric signature (−, +, +, +) and reduced Planck mass mp = 1/ √ 8πGN = 2.43 × 10 18 GeV.
where Λ andΛ should be thought of as the cutoffs of the two-field theory, and the c i 's are order one constants. Finally, we note that we are neglecting additional terms (including renormalizable interactions) only for the purpose of presentation -although we emphasize that their inclusion is required for consistency.
With these choices and using (4) we find the equation of motion for the heavy field is
where ≡ −∂ 2 t − 3H∂ t + a −2 ∂ 2 i , and we have introduced the source term:
Ignoring loop effects we can solve (7) formally for the heavy field and, using (6), we arrive at the effective action for the light field,
where the last term is generated from the interactions with the heavy field, and is a non-local contribution to the action:
We can then obtain a local action by expanding in powers of /m 2 H ,
which is a good approximation when probing energies E m H . The additional terms which we have dropped are suppressed by powers of /m 2 H and, since we are interested in experiments or observations which probe a finite range of energies, an appropriate number of terms can always be kept. In the case of inflation, we will be interested in 'observations' with E H.
Combining (8) and (11) we see that the effect of those terms is to renormalize the couplings of the light field and generate non-renormalizable self-interactions. As an example, the presence of the derivative interaction in (8) 
We have introduced the notation Ô to denote the background value of the operatorÔ. Additional terms in (11) , loop corrections and further interactions which we have neglected for simplicity may also lead to interesting effects in the EFT of the light field 3 .
In instances where the initial parameters of the light field are derivable from a fundamental theory (such as string theory), it has been shown that corrections arising from integrating out the heavy field may lead to an increased likelihood for inflation (see e.g. [46] and references within).
However, whether this occurs is model dependent and relies sensitively on the details of the UV theory. In fact, from the viewpoint of the EFT of the light field, as long as we are interested in energy scales below the mass of the heavy field, observations will be relatively insensitive to the UV physics encoded by the heavy field -at least as long as the EFT remains valid and we consider theories which are local and unitary [5] . This can be understood by looking at the parameters describing the light field (such as its mass) in the low-energy effective theory. After the addition of appropriate counterterms to regulate divergences, these parameters may be determined by requiring a sufficient period of inflation for the background, and by matching observations, i.e. by setting their renormalized values equal to those required by observation, at Hubble radius crossing 4 E H.
One then finds that the effect of the corrections arising from a heavy field of mass m H H will be highly suppressed, by at least a factor of H 2 /m 2 H compared to the uncorrected result [5] . This was considered explicitly for slow-roll models of inflation in [47] , where it was shown that the instances where the heavy field could lead to observable effects were all at the cost of ruining the inflationary background.
There are at least three notable exceptions to the arguments for the smallness of the corrections discussed above. First, it was shown in [48] (and references within) that for special choices of initial conditions heavy fields could have an effect on observations of order H/M , with M the scale of the new physics. However, this requires assumptions about the initial state of the field which were challenged in [4] , and argued to be at odds with notions of locality and Lorentz invariance. We will not revisit these arguments here, but instead note that such models have not yet been realized in a fundamental theory, making a further discussion difficult.
A second way for the heavy field to have a large effect at low energy is in the case when the system becomes strongly coupled. For example, this would be the case if the coupling in the derivative interaction in (4) were large (i.e. if the cutoff scale Λ m p ). A two-field model of this type, with a moderate coupling between the light and heavy field, was considered in [17] , where it was again shown that integrating out the heavy field gave rise to an effective field theory for the light degree of freedom, with a modified sound speed c s 1. However, as two of us discussed in [19] and was made more precise in [15, 21] , one has to pay close attention to the hierarchy between the strong coupling scale and the mass of the heavy field. It was found that in the class of models considered in [17] , a significant deviation from c s 1 required an unnaturally strong coupling between the heavy and light field [19] . Moreover, the strong coupling scale affected the transition to the regime of applicability of an effective description in terms of a single field with a modified sound speed. Of course, one must also ensure that the two-field EFT itself is valid and safe from radiative instabilities. This makes UV-completing models with a strong coupling scale extremely challenging, with DBI inflation being a notable example [49] . In that case, a shift symmetry controls the derivative expansion of the model, while a higher dimensional boost symmetry protects the model from radiative corrections. An interesting exception to the need for strong coupling was discussed in [15] where it was shown that, before reaching the strong coupling scale, there can be a reshuffling of the effective degrees of freedom of the system, so that the theory is still described by a single field, but with a modified dispersion relation. This was the result of the heavy field inducing a change in the scaling dimension of the light field as one approaches (but does not exceed) the strong coupling scale. This interesting result has further motivated studies to examine the role of additional fields with masses slightly above the Hubble scale, which may naturally arise from theories with spontaneously broken supersymmetry and lead to interesting observational signatures [40, 41] . We should emphasize that the case of strong coupling isn't really a failure of EFT -if quanta of the heavy field are initially present and strongly coupled to the light field, the EFT approach was never justified in the first place.
A third way in which a heavy field could leave an observable imprint is the case in which the EFT description simply fails. This would be the case if the evolution of the system exhibits nonadiabaticity, which occurs e.g. during inflationary (p)reheating [50, 51] . In the remainder of this paper we will focus on the consequences of precisely such a (temporary) violation of EFT, and ask whether this can lead to interesting -and observable -effects.
A. Cosmology and Regimes of Validity of the EFT
In this section we will examine the conditions under which the decoupling of the heavy field may fail, due to a temporary breakdown of the low energy EFT. We will also discuss the possible effects this may have on the evolution of the early universe. Our focus will be on cases where the EFT violation is due to a period of non-adiabatic evolution. Thus, in order to address these issues we will start by outlining the standard formalism for defining the adiabatic vacuum and for computing particle creation in cosmological backgrounds 5 .
Specializing (4) to the case of a homogeneous and isotropic FLRW background we find:
The resulting equations of motion are then:
Even though by construction the heavy field won't be able to move much,φ H ≈φ H ≈ 0, we see from its equation of motion (14) that it can still have a time dependent minimum, thanks to the presence of the derivative interaction
Next, we want to focus on the implications of this condition.
Initial displacement of the heavy field
When thinking of how to interpret (18) we should emphasize that we are interested in the case where the light field is related to the slow-roll parameter =φ 2 L /(2m 2 p H 2 ) and is responsible for providing a period of inflation. As a result, the source term ∼ ∂ H fφ 2 L in (18) must be nearly constant, implying that
Such a constant contribution can then be easily re-absorbed into the definition of ϕ H (it is a tadpole), telling us that the higher derivative interaction leads to the same physics as a constant shift in the field. The condition (19) translates into an initial displacement of the heavy field from its minimum, encoded in the Lagrangian by a term such as
H ϕ H . The fine-tuning involved in arranging for such an initial displacement -which would be entirely ad hoc lacking a UV completion -is then reflected in the choice of initial conditions, i.e. ϕ H setting the amplitude of the field, and in turn determining the observability of the effects, see e.g. [53] . In the absence of a fundamental theory to motivate the value of ϕ (0) H , this seems to introduce model dependence and fine-tuning beyond that needed to achieve adequate inflation. Moreover, another challenge for these models is that the oscillations of the field -which typically scale as ∼ 1/a 3 ∼ exp(−3Ht) -will be quickly damped away during inflation. This means that for such models to have an observational impact, the displacement must survive until observable modes of the CMB are imprinted -requiring an additional fine tuning.
Finally, in regards to the validity of the EFT, it should be emphasized that the fact that the heavy field may have an effect does not represent a violation of EFT methods, since the heavy field isn't initially in its vacuum, i.e. the single field EFT was never justified.
Recently, models of this type have received attention because of the possibility of non-Gaussian signatures and, in many instances, for their connection to the strong coupling scale [15, [17] [18] [19] [20] [21] [22] .
Given this renewed interest, in this paper we want to take a critical look at the initial conditions required above, and take an initial step towards bounding the size of possible observable effects of a heavy field. We will address the issues of fine-tuning discussed above by taking the heavy field to begin in its vacuum state ϕ H = 0. We then ask under what conditions the background will be able to excite modes of the heavy field. Once the heavy modes are excited, they can affect the dynamics of the light field, possibly spoiling inflation. As we will see, the requirements that inflation is not disturbed, and that the heavy mode production happens on a very short time scale (compared to the Hubble time) will set constraints on properties of the system. As we have emphasized, this is very different from the case where the heavy field is assumed to be already displaced initially.
Heavy Modes and the Adiabatic Vacuum
To determine whether modes of the heavy field that are initially in their vacuum remain there, we begin by expanding the field in small excitations about its background value,
where ϕ H (t) is the homogeneous background field which satisfies (14)- (17) . It is convenient to work in Fourier space with conformal time dη = dt/a(t), and introduce a new field χ k through the field redefinition:
The creation and annihilation operators obey
Expanding the heavy field equation of motion (14) in fluctuations we arrive at
with primes denoting derivatives with respect to conformal time. The frequency of the oscillator is
and the gravitational and effective masses are given, respectively, by
where H = aH is the Hubble parameter in conformal time. We emphasize that all terms in the frequency are evaluated on the background, but we have dropped brackets here for simplicity. We are implicitly neglecting fluctuations of the light field and metric which can lead to rescattering effects, but are higher order in the Hartree approximation and negligible for small occupation numbers of the heavy field. In other words, we first seek to determine whether heavy modes can be excited at all 6 . Finally, expanding the heavy field fluctuation in positive and negative frequency modes,
it can be shown that (22) is equivalent to the two equations for the Bogoliubov coefficients
with the normalization condition |α| 2 − |β| 2 = 1.
To impose the condition that modes begin in their vacuum (i.e. no particles are present) one must take the boundary conditions to be α → 1, β → 0 as kη → −∞, indicating that there are only positive frequency modes. Near the vacuum α and β can be taken to be roughly constant and -making use of the initial conditions -they can be power expanded to find
which remains negligible as long as
These equations define the adiabatic vacuum [52] , and -as long as the adiabatic conditions holdthe heavy modes will remain frozen, allowing us to restrict our attention to the light field EFT. If the conditions (28) are not respected the heavy modes will become excited, violating decoupling.
The occupation of the heavy field is then given by [51] 
where we have neglected the contribution from the Coleman-Weinberg potential, assuming (as in [51] ) that additional symmetries (e.g. Supersymmetry) have suppressed this contribution relative to the particle production terms. Once the dynamics returns to an adiabatic regime (where the conditions (28) are again valid), the excitations (non-zero value of β) may be interpreted as particle creation of quanta of the heavy field, with the total number density given by
The energy stored in the particles produced is then given by ρ χ = ω n χ (t), which for massive or non-relativistic particles becomes ρ χ = m χ n χ (t).
Breakdown of EFT and Violations of Decoupling
The breakdown of the adiabatic approximation gives rise to excitations of the heavy field, corresponding to a period during which decoupling can be violated. There are a number of ways in which the adiabatic conditions may fail resulting in particle production. A familiar example is the production of inflationary perturbations near the Hubble radius H −1 during slow-roll inflation.
In that case the effective mass of the inflaton is much smaller than the Hubble scale, implying that it can be neglected, and ω 2 k 2 − a 2 H 2 . Thus, at the scale k ∼ aH the behavior of the solutions to (22) change from oscillatory to a power-law instability, leading to the production of quanta or perturbations. Another way in which modes can be produced is if ω → 0, implying a severe violation of the adiabatic conditions (28) and a production of negative frequency modes.
Finally, we note that in order for these excitations to be interpreted as particles, at a later time the system must re-enter the adiabatic regime (asymptotic out state), which in the case of inflation corresponds to the exit from inflation to reheating, and a thermalized universe 7 .
Here we are interested in the production of heavy fields. • initially modes begin in their vacuum state,
• the adiabatic conditions (28) remain valid,
• the effective mass in (24) remains super-Hubble M ef f H for all times in the energy range of interest. If all of these conditions hold, then this assures us that -if initially in their vacuum -the heavy modes will remain in their vacuum and have no effect. We again stress that if the first condition is violated -i.e. modes don't begin in their vacuum state but are initially displaced -then the light field EFT was not justified in the first place. As argued above, such initial conditions seem to require an additional level of fine tuning beyond that required for adequate inflation. 7 The exit from inflation to reheating defines an 'out vacuum' where the notion of particle production can be established through the adiabatic evolution as we eventually enter a radiation dominated universe (this may take several efoldings depending on the dynamics of (p)reheating). However, particle production is not well defined in the case of pure de Sitter space, where the notion of an asymptotic out state is lacking. This is one reason that pure de Sitter space is not of interest for describing the early universe inflationary period.
An example of a breakdown of the adiabatic conditions has been studied both phenomenologically in the production of superheavy dark matter [55] , (p)reheating [56, 57] and trapped inflation [24] , as well as more formally in studies of the dynamics of moduli in string compactifications [58] [59] [60] [61] . While all these studies consider initially heavy states, the effective mass of the heavy field becomes temporarily light thanks to interactions with the light field, resulting in particle production. Clearly, this is not a failure of decoupling of heavy modes, since these modes are in fact nearly massless at the time of production. This would also be the case in the presence of a phase transition, where one must expand around the new vacuum of the theory, and the degrees of freedom of the new EFT can be very different. As a simple example, we can consider a heavy scalar whose effective mass is determined by the renormalizable interaction g 2 ϕ 2 H ϕ 2 L . The heavy field dispersion relation is then given by:
When ϕ L passes through ϕ L = ϕ * , the mass of the 'heavy' field vanishes, leading to a breakdown of the vacuum condition (28),
and therefore particle production. Although such models can be a rich source of phenomenology [23, 24, 26] , the observability of their predictions seems very sensitive to the choice of parameters of the underlying fundamental theory 8 .
Instead, in the rest of this paper we will focus on the case of heavy fields whose effective mass is always super-Hubble. There have been a number of interesting papers in the literature suggesting that even in this regime it may be possible to have violations of decoupling and interesting observational signatures [20] [21] [22] . As we have established, given a field that is initially in its vacuum and with super-Hubble mass (for all times), such violations of decoupling can only come from a violation of adiabaticity. In the next section we will consider this case and find a number of bounds on the size that such effects may have, even though the EFT approach has failed.
III. NON-ADIABATICITY DURING MULTI-FIELD INFLATION
In this section we consider EFT violations resulting from a breakdown of the adiabatic conditions (28) , while requiring that the mass of the heavy field is always strictly super-Hubble, M ef f > H.
Our goal is to obtain a quantitative estimate for the maximal size of such violations and what this implies both for the decoupling of the heavy field and the evolution of the cosmological background.
In the previous section we reviewed the connection between the presence of time dependent masses (and therefore frequencies) in cosmological backgrounds and exciting heavy modes out of their vacuum state. If this time dependence is strong enough heavy modes will be produced during the period of non-adiabaticity leading to a failure of the light field EFT description. Recall from (22) that the fluctuations of the heavy field obey
where
We again use Ô to denote the background value of an operatorÔ, and in this section we will adopt the notation that both the real and Fourier transformed components of the heavy field fluctuations are denoted by ϕ H .
There are three possible sources of non-adiabaticity appearing in (33) . One is the gravitational mass M g (t) (i.e. the evolution of the cosmological background), the other two are the contributions of the dynamics of the light and heavy field to the effective mass term M ef f (t). If any of these give a significant contribution to the adiabatic parameters ω ω 2 and ω ω 3 , excitations will be produced and decoupling violated.
A. Gravitational Sources of Violation
We start by considering the time dependence arising from the gravitational mass term M g in the heavy field fluctuation equation (33) . By assumption (since the heavy field is taken to be initially in its vacuum, ϕ H = 0) we are interested in an inflationary background driven by the light scalar, so we require the dynamics of ϕ L to be such that
1. With this assumption, we can immediately see that there will not be any significant contribution to non-adiabaticity arising purely from the gravitational sector. In fact, we have
where we have kept only the leading terms and neglected the time dependence in M ef f to focus on gravitational effects. By construction we have H/M ef f < 1, telling us that the gravitational background during a period of inflation is not a significant source of particle production of massive quanta -decoupling of the massive field prevails.
We note that one might be concerned that we have ignored the gravitational terms M 2 g ∼ H 2 in (33). However, the associated non-adiabaticity is easily seen to be negligible sinceω/ω 2 ∼ M g /M 2 g ∼Ḣ/H 2 = − , and for inflation 1. It is for the same reason that one can not rely on purely gravitational reheating of the universe after inflation. Of course, if we are not interested in an inflationary background this conclusion could change, depending on the particular cosmological history. However, for power-law expansion with a ∼ t p the non-adiabaticity is at most ∼ 1/p, and one finds negligible production of massive fields -as expected for an 'adiabatically' expanding universe. In conclusion, we find that significant violations of decoupling from gravitational effects alone would require a strong violation of the slow-roll conditions and a significant departure from inflation.
B. Non-gravitational Sources of Violation -A First Look
We have just seen that during inflation gravitational effects alone are not enough to invalidate standard arguments for decoupling of the massive field. We now turn to the question of whether non-gravitational effects -associated with the dynamics of the light field -can lead to significant particle production. As a warm up exercise and to establish our approach, in this section we begin by neglecting the derivative interaction in (33) , and consider instead the time dependence arising from an interaction term of the form g 2 ϕ 2 L ϕ 2 H . We will return to the original expression for the frequency (33) shortly. Since our interest is in dynamics acting on scales which are small compared to gravity, i.e. ∆t H −1 , we can neglect the cosmic expansion and take the limit in which gravity decouples, i.e. m p → ∞ and H → 0 (a = 1) so that ∼φ 2 L /(H 2 m 2 p ) remains fixed. The relevant dispersion relation for fluctuations of the heavy field is then:
We should note that, unlike in the example of moduli trapping (31), here we always have
We now want to determine whether (35) can lead to a large enough source of non-adiabaticity to violate decoupling.
To address this question we will utilize a formalism developed in [62] (see also [63, 64] ) for estimating the amount of particle production -i.e. the size of (27) -using the method of steepest descent. We are interested in dispersion relations of the form
where m 2 0 is a constant parameter, C(η) encodes all of the time dependence (gravitational or otherwise), and therefore M (η) ≡ m 0 C 1/2 acts as a time-dependent mass for the heavy field. At the onset of non-adiabaticity ω becomes complex, signifying an instability towards particle production, with the peak of the production occurring at a time which we will denote by τ = r + iµ. The use of the steepest descent method is valid as long as the moment of production is sharply peaked relative to the other time scales in the problem -a condition which must checked in each case. Once we have determined µ and r, the amount of particle production per mode can then be estimated as
We are now ready to apply this estimate to (35) . Let's assume first that the light field has negligible acceleration, so without loss of generality we can let ϕ L = vt, with v the initial velocity (for now we will ignore the fact that the light field is indeed the inflaton). Using this parametrization in (35) and setting ω 2 = 0, we find that the peak of production corresponds to a time 9 t 2 = −(k 2 + m 2 H )/(gv) 2 , telling us that µ = k 2 + m 2 H /(gv) and r = 0. Combining these expressions with (35) and (37) we arrive at
which reproduces the results of [58, 59] in the limit in which the heavy field mass comes only from the interaction (i.e., m H = 0). However, here we can see that the mass m H leads to an additional suppression of |β k | 2 , as expected. We emphasize that the computational 'trick' of identifying the poles ω 2 = 0 in the complex plane is to extend the WKB wave function to include the effects of particle production, and that the frequency never vanishes in real space 10 .
Next, we will apply this result to the case in which the light field is responsible for driving inflation. We now haveφ L = √ 2 Hm P , and so we identify v = √ 2 Hm P . Moreover, the interaction coupling g must be weak enough not to interfere with the inflationary expansion. From (38) we see that the exponential suppression is now controlled by ∼ m 2 H /(g
where we have made use of the COBE normalization (H/m p ) 2 10 −10 . For required choices of the coupling g 1 and for fields with mass m H H we find once again that the heavy field decouples. However, this result could have been easily anticipated, since the light field drives in- 9 Since we are working in the limit in which gravity decouples (a = 1 and H = 0), there is no need to distinguish between conformal and coordinate time. 10 A related, but alternative, approach based on quantum mechanical scattering appears in [51] and yields the same results we obtain here.
flation and therefore dominates the energy density of the system -its dynamics is by definition gravitational, and the argument of Sect. III A applies.
Finally, one might worry that the inclusion of the derivative interaction in (33) would change this conclusion. However, it does not. If the heavy field is initially in its vacuum, ∂ 2 H f must be constant. Taking the scale of this term to be ∼ 1/Λ 2 , we see that the derivative interaction in (33) scales as
which is negligible, assuming Λ is not too far below the Planck scale. Thus, we arrive at one of our main results: the only way to violate decoupling of the heavy field is with a departure from inflation.
We will make this point more explicit in the next section. An important caveat is if the model lies in a regime of severe strong coupling so that Λ m p . As we have previously discussed, examples of this kind were studied in [17] [18] [19] 21] and for cases near but not exceeding strong coupling in [15] .
For the former possibility -in the absence of a UV completion -the origin of such a low scale, the issue of additional non-renormalizable operators suppressed by this scale, and the radiative stability of the two field model remain an important challenge.
C. Non-gravitational Sources of Violation -Departure from Inflation
We have seen that significant production of the heavy field requires a departure from inflation and a modification of the dynamics of the light field. Given this, we want to repeat the calculations of the previous section allowing now for an arbitrary behavior of the light field, to establish what is required to obtain a significant violation of decoupling. In particular, we want to ask whether a momentary violation of the inflationary conditions can be enough to excite the heavy field out of its initial vacuum φ h = 0, and perhaps lead to interesting observational signatures. A temporary departure from inflation can be achieved by introducing either a sharp feature in the potential or significant curvature in the scalar field space. This will then alter the trajectory of the inflaton, which may result in a significant amount of non-adiabaticity.
As before, we are interested in dispersion relations of the form
where m 2 0 is a constant parameter and for now C(t) is completely arbitrary and encodes any time dependence which may appear (e.g. from interactions or gravitational effects). However, an important restriction we need to impose on C(t) is the requirement that the inflationary conditions are satisfied on long time scales -this will force any violations to be local relative to a Hubble time, ∆t H −1 . This will again imply that gravitational effects will be negligible (allowing us to set a = 1, H = 0).
Recall that the estimate (37) for violations of adiabaticity requires finding the time τ = r +iµ at which the production is peaked. To obtain an explicit expression for r and µ following [62] it turns out to be convenient to expand C(t) around the onset of non-adiabaticity, where the time (and frequency) is analytically continued to the complex plane. The peak of the non-adiabaticity then corresponds to poles where the frequency vanishes, which in this case is given by C(τ ) = −k 2 /m 2 0 . Expanding C(t) about t * = r + i0 then gives:
Evaluated at the time of maximum production τ = r + iµ, the expression takes the form:
Finally, equating this expansion with C(τ ) = −k 2 /m 2 0 yields the two conditions
for the real and imaginary parts, respectively, and we note that we have dropped subleading terms.
From the latter condition we findĊ(r) = 0 (since µ = 0 would correspond to no production) implying that r is the location on the real axis of an extremum 11 . Moreover, using (43) along with the dispersion relation evaluated at r we find
implying thatC(r) > 0 and so r is indeed the location on the real axis at which the effective mass m 2 0 C(t) is minimized. Finally, combining all the ingredients above we arrive at an estimate for the amount of particle production associated with an arbitrary function C(t):
As a simple check of our computation, we can revisit the case of moduli trapping of a massive field, which we discussed in Sect. III B. From (35) we identify m 0 ≡ m H and C(t) = 1+(gϕ L ) 2 /m 2 H , and recall that we had chosen ϕ L = vt. It is then straightforward to check that C(r) = 1 and
in agreement with our earlier result (38) .
Now that we have outlined the method for computing the amount of non-adiabaticity, and hence the possibility of violations of decoupling of the heavy field, we are ready to tackle the derivative interaction in (33) . In this case the term m 2 0 C(t) which plays the role of an effective mass is controlled by
and once again we have made the identification m 0 ≡ m H . It is important to note that, since the heavy field evaluated on the background is assumed to vanish initially, i.e. φ H = 0, the term ∂ 2 H f does not change in time (initially) and is therefore constant. This would not be the case if we had displaced the heavy field initially. However, as emphasized earlier in the paper, preserving such a condition during inflation would require additional fine-tuning and violate the validity of 11 If the period of non-adiabaticity were prolonged, higher order terms in the expansion (42) may become important and this could shift the extrema. However, here we are interested in rapid violations with t − t * = iµ small.
the light field EFT from the start. Thus, the only source of time dependence in the effective mass term (49) must come from the evolution of the light field φ 2 L (t) . In particular, the kinetic energy of the light field will be transferred into the effective mass of the heavy field, lowering its size, and therefore leading to the possibility of production. Moreover, as we already discussed, requiring that this gives rise to a significant amount of particle production entails building in a feature, to allow for a temporary departure from inflation.
Following the formalism outlined above for estimating production, we expand C(t) around the time t * = r + i0 at which non-adiabaticity begins, and we find
The conditions (43) and (44) imply thatφ L (r) = 0 and
As we will discuss shortly, we are interested in the case ∂ 2 H f > 0, and therefore we must require that φ L ... ϕ L | r < 0. In other words, there must be a sudden jolt in the behavior of the light field (an abrupt change in its acceleration) in order to create quanta of the heavy field. Using these results in the estimate (46) we find
where all quantities inside the exponential are to be evaluated at t = r. Let's comment briefly on the structure of this result. First of all, notice that the higher the mass m H of the heavy field, the smaller the amount of particle production, as expected. Next, the effect of the term ∂ 2 H fφ 2 L in the numerator is to counteract the suppression due to m H : the field space curvature and the evolution of the light field (in particular, its velocityφ L ) allow for an enhancement of particle production. This is nothing but a reflection of the transfer of energy from the light field kinetic energy to the heavy field sector. Finally, from the denominator we see that the larger the change in the acceleration of the light field ∼ ∂ tφL , the larger the particle production.
From (53) we also see that the time scale associated with the production is 12
which gives the intuitive result that the duration of time production (or non-adiabaticity) decreases the stronger the coupling (the smaller Λ is) and the stronger the change in the acceleration (the large ... ϕ L is). We emphasize that the time scale for appreciable production ∆t is much less than the previously found parameter µ = t − t * . This is because at the beginning and end of the period of non-adiabaticity there is little contribution from the production of particles, so that significant production only occurs during an interval ∆t 2µ.
D. Bounds on the Size of the Violation
We start with the observation that if we want to ensure that the source of non-adiabaticity leads to a significant violation of decoupling, the exponential in (46) should not be heavily suppressed.
This leads to the constraint
Note that production will favor long wavelength modes (although sub-Hubble), so we can neglect the wave number k in the expression above compared to the mass term. Using (50) and (52) we arrive at the constraint
where we have taken 13 the constant value of ∂ 2 H f ∼ Λ −2 . This constraint can be simplified by noting that C(r) is by definition the ratio M 2 ef f /m 2 H at the onset of production. Thus, we arrive at the following lower bound for the quantity |φ L (r)
... ϕ L (r)| /Λ 2 which controls the amount of non-adiabaticity
An upper bound on this quantity can be obtained by making use of energy conservation. Recall that we are assuming that the particle production event is local, in the sense that ∆t H −1 .
12 We note that another way of estimating the time scale is to utilize the uncertainty principle as was discussed in [58] . It was shown there that the uncertainty principle implied a time scale of production ∆t ∼ 1/ √ gv. That result can be obtained here by noting that the argument of the exponential in (48) is parametrically of the form ω 2 (r)∆t 2 , allowing us to find an estimate in agreement with [58] . 13 Recall that ϕH = 0, which implies that ∂ 2 H f is constant up to the moment violation begins, at t = r.
Thus, we require that the Hubble parameter is left unchanged by the period of non-adiabaticity.
Since during inflation 3H 2 m 2 p V , this means that the source of energy for the transition must come entirely from the kinetic term of the inflaton. If all of its energy went into producing heavy particles with energy density ρ H , conservation of energy would imply ρ H <φ 2 L /2, where before the event we haveφ 2 L = 2 H 2 m 2 p . In practice we must require some kinetic energy of the light field to remain so that inflation can end and so we have the upper bound ρ H φ 2 L . Since the excitations of the heavy field will be massive the corresponding energy density will scale like pressure-less matter with ρ H = m(t)n H (t), where n H (t) is given by (30) . We can again neglect the diluting effect of the expansion and set a = 1 in (30), since we are interested in conserving energy at the moment of production. We find that the number density is
where in the last step we have considered the case of interest where production is not highly suppressed by the exponential. The energy density slightly after production is then
and will then become diluted once inflation resumes as ρ H → ρ H /a 3 ∼ ρ H e −3Ht . Using (52) and the definition of C(r) we find that requiring ρ H to be much less than the kinetic energy of the inflaton leads to the following upper bound
Using the COBE normalization 10 10 H 2 /m 2 p we have 14
Combining this result with the previous lower bound (57) we find
implying a rather tight window for whatever dynamics of the light field is responsible for driving the period of non-adiabaticity. We see that the upper bound, although quite easily satisfied for masses near the Hubble scale, quickly drops off as we increase the effective mass of the heavy field (assumed to be above the Hubble scale); the window for particle production gets tighter and tighter, and the bound begins to tightly constrain the possibility of a violation. Considering the unrealistic case when the upper bound is saturated and all energy from the kinetic term of the light field went into production, with the fiducial values of H = 10 12 GeV, Λ = m p , and = 10 −2 we find that for masses much greater than 100H the heavy modes can not become excited -even allowing for departures from adiabaticity and inflation. This can also be seen in Figure 2 . We emphasize that the bound was derived by making very conservative estimates, and a more accurate estimate would push the mass even closer to the Hubble scale.
We can use (60) to get a bound on the time interval during which production takes place, a quantity that is perhaps more intuitive. Using (54) we find the window
where the upper bound demonstrates that for non-adiabaticity and production the time scale must be shorter than the Compton Wavelength (λ c ∼ M −1 ef f ), and the lower bound again follows from conservation of energy. We note that these bounds are more stringent than the simple requirement that the production acts on scales which are decoupled from gravity, i.e. ∆t H −1 . This can be seen more clearly by re-expressing the bound in terms of Hubble time as
demonstrating the narrow range for which production is possible. For example, with an effective mass of M ef f 100H, particle production becomes very hard to achieve -heavy modes remain entirely decoupled even though we allowed for a potential EFT violation.
IV. OBSERVATIONAL IMPLICATIONS, CONNECTION TO RECENT STUDIES, AND FUTURE DIRECTIONS
In Section III we studied the production of the heavy field and found that significant production required an ad-hoc modification of the inflaton trajectory. Here we estimate the size of the effect on the power spectrum resulting from such a modification while imposing the bounds we derived in the last section. We also discuss how our setup relates to multi-field inflation models which contain sharp-turns in field space, as well as to the recent work of [15] which utilizes the Effective Field Theory of Inflation [9] to understand the observable effects of changing the scaling dimension of the light field.
A. Power Spectrum Estimate
To estimate the power spectrum we begin by introducing perturbations for the light and heavy fields. Denoting the metric perturbation by ψ = ψ(t, x), the gauge-invariant Mukhanov-Sasaki variables are given by
In spatially flat gauge (ψ = 0) these correspond to fluctuations of the heavy and light field,
respectively. The equations of motion for the {Q H , Q L } perturbations are quite involved and can be found e.g. in [65] . However, it is possible to redefine the perturbations so that one field corresponds to fluctuations along the trajectory of the inflaton (adiabatic mode), while the other to fluctuations perpendicular to the trajectory (isocurvature mode) [66] . This can be achieved by performing a rotation in field space, with the rotation angle sensitive to the amount of kinetic energy stored in the heavy field, i.e. to the termφ H / φ 2 H + fφ 2 L . In particular, when the heavy field kinetic term is subdominant,φ 2 H fφ 2 L , the corresponding rotation angle δθ is very small,
In this case the relationship between the original perturbations and the adiabatic and isocurvature fluctuations is particularly simple,
with δθ parametrizing the amount of mixing between the 'light' and 'heavy' modes 15 . This transformation also acts to canonically normalize the modes so that their quantization is straightforward.
Generically, the couplings between the curvature and isocurvature fluctuations are controlled both by the heavy field dynamics and by the behavior of the light field. Working in the limit in which gravity decouples and taking for simplicity a separable potential, the quadratic action for the perturbations reduces to the simple form
where the mixing terms for the perturbations are given by
and the various couplings by 15 In the notation of [65, 67] , the rotation angle θ was defined via cos θ =φ where the neglected terms are O(δθ,δθ) which we have omitted for simplicity. In fact, given the requirement that the mass of the heavy field always satisfies M ef f > H, here we would like to focus on the effect of the light field only, and will therefore assume thatφ H φ H 0, effectively switching off the heavy field dynamics encoded in the δθ terms 16 . The equations of motion are
where we note that metric perturbations are absent due to taking the decoupling limit. Indeed, we have emphasized throughout the text that the light field feature which gives rise to particle production must be localized on a very small time scale ∆t H −1 . At the end of the period of non-adiabaticity, the light field will return to its standard slow-roll behavior, and the heavy field will be quickly damped away by the inflationary expansion. In this paper we will estimate the size of the effect on the power spectrum by treating this event as instantaneous, as was done recently in [21] for the case of a sharp turn in field space 17 . Thus, on long time scales -i.e. for the purpose of estimating the power spectrum -the feature in the light field dynamics can be taken to be well approximated by a delta function localized at some time t * , i.e.
where an expression for ∆ϕ L can be obtained by expanding the light field around the time of
Given this approximation to capture the temporally localized event we can now restore the (long-wavelength) dependence on the gravitational background. The equations of motion for the perturbations then take the form
16 Although it is clear that δθ 1, this does not guarantee that the contributions coming from the δθ terms (e.g. terms of the formφ L ϕ L δθ in the kinetic mixing term) will in fact be subdominant. A complete analysis would have to incorporate such terms, and we leave it to future work. 17 For another recent attempt to develop an analytic understanding of sharp features in the inflaton trajectory see [68] .
where we have neglected the mass of the light field as it is small relative to the leading terms. Using these equations and following the approach of [21] we obtain an estimate for the power spectrum resulting from the event
where in the last line we have made use of k * η * ≡ −1 and
, and defined the power spectrum in the absence of a violation to be P 0 ζ . In particular, we note that
where we have imposed the lower bound on the level of adiabaticity (60) . Using the COBE normalization P 0 ζ 10 −10 we find that our best-case estimate for the correction obeys
This suggests that such an effect would be difficult to observe in the absence of strong coupling, which here corresponds to Λ m p .
We emphasize again that this result -based on the approximation scheme of [21] -represents our most promising estimate for observations and other estimates suggest an even small effect.
For example, an underlying assumption in the approach of [21] is that v H and v L are maximally correlated, which requires sub-Hubble physics we refrained from specifying. Had the perturbations v L and v H been the usually assumed quantum fluctuations of two different fields, they would be statistically independent and their contributions should be added to the power spectrum in quadrature. This leads to a correction significantly smaller than the bound above, strengthening the conclusion that the effect is difficult to probe with observations.
However, this view may be too pessimistic. In particular, a more realistic calculation of the power spectrum would require understanding the behavior of the fields during production, a process which although local in time is intrinsically not classical -e.g. the notion of particle number of the heavy quanta is not well defined during the event (only after). This is reminiscent of the situation during inflationary preheating where lattice techniques are often valuable. Another strategy to obtaining a more accurate estimate of the power spectrum would be to further develop the analysis of [24] , where similar obstacles were encountered. Finally, although the contribution to the power spectrum is small, a better understanding of interactions during the production event may lead to interesting features in the bi-spectrum or higher point functions. However, our preliminary estimates suggest a bound for the sound speed of the light field model, and the corresponding level of non-gaussianity f N L ∼ 1/c 2 s . Using the bound (81) and comparing to the power spectrum we see that the corresponding speed of sound will be bounded by
For a hierarchy of scales corresponding to H < M ef f and H < Λ, with the latter required to avoid the perturbative breakdown of the two-field model, we find negligible variation of the sound speed from c s 1 and non-gaussianity f N L ∼ 1/c 2 s 1. This result for the sound speed and its dependence on the strong coupling scale agrees with [15, 19, 21, 69] , whose authors used very different methods.
Independently of our estimate, we find that the contribution to the power spectrum is controlled by the hierarchies between the Hubble scale, the heavy field effective mass and the scale of strong coupling -a conclusion that is in agreement with the results of [15, 19, 20] . We note that in the presence of strong coupling, unlike the case of DBI inflation, here we would require a high energy completion of the two-field model. A careful study of these issues represents work in progress.
B. Connection to the Geometric Approach to Multi-field Inflation
In this section we would like to briefly discuss how our model relates to recent studies of multifield models of inflation, where dynamics may result from the non-trivial geometry of the scalar field space [18] [19] [20] [21] [22] 34] . Additional details on the relationship between our approach and geometric methods for the field space can be found in the Appendix.
We begin by recalling that the original light and heavy field fluctuations are related to curvature and isocurvature perturbations by the rotation (66), controlled by δθ
. This description makes the physical interpretation manifest -the misalignment between the two sets of perturbations is a measure of how dynamical the heavy field is. If ϕ H were exactly at rest, the two sets of fluctuations would remain aligned as the system evolves. A turn in the inflaton trajectory (as discussed in the references above) is one example of how such a misalignment δθ = 0 may occur. In this paper we are interested in cases where the heavy field always has a super-Hubble scale mass.
Thus, although in (66) we allow for a slight turn during the period of violation of adiabaticity δθ = 0, we expect the hierarchy of masses to keep this angle small. In fact, we can estimate the size of δθ by using the fact that 
confirming the intuition that the rotation angle should be small. On the other hand, for models in which the 'light' and 'heavy' perturbations can exchange roles, as discussed in [19, 21] , the rotation angle could be quite large and the approximation (66) would not hold. We emphasize that here we are not interested in this case, since it does not constitute a violation of decoupling but simply the emergence of light degrees of freedom -i.e., the single field EFT is no longer appropriate (see also [15] ).
Following our assumption in this paper that the heavy field begins in its vacuum, the inflaton trajectory is initially straight. However, once the heavy field is excited, one has the possibility of generating a turn in the trajectory. More precisely, denoting by T a and N a the vectors tangent and normal to the curve, the turning parameter η ⊥ is defined in terms of the rate of change of the tangent vector,
A non-zero turning parameter is associated with a displacement of the heavy field from its minimum, along the direction normal to the trajectory. To see this explicitly we note that (84), combined with the equation of motion along the trajectory in field space (A24), leads to the expression
where V N = N a V a is the projection of the gradient of the potential along the normal direction.
Thus, by allowing for heavy field production and a non-zero η ⊥ , we have generated the initial heavy field displacement which we discussed in Section II A 1.
In particular, for the case of negligible dynamics of the heavy fieldφ H φ H 0 (the δθ = 0 case on which our power spectrum estimate was based), the heavy field background equation of motion (14) reduces to
This is precisely of the form of (85) and describes a shift from the minimum controlled by a (constant) turn rate given by
where the light field is evaluated at the peak of particle production. Finally, we note that the the intrinsic or geodesic curvature is defined as
Note that for a curve with constant curvature, this takes the simple form
with R the radius of curvature. The normal to the curve is instead given by
whereas the binormal is B = T × N , with
where τ is the torsion. The way in which the tangent, normal, and binormal (or Frenet Frame)
change along the curve are summarized by
with their change in R 3 given by the curvature and torsion. Note that they obey the following properties:
Geometry of the Field Space
We are interested in using the basic geometric notions of the previous section to parametrize the physics of the field space. The Lagrangian we are going to be considering is
where we have restricted our attention to the case of two fields, and have allowed for a non-trivial field space metric, (i.e. γ ab = δ ab ). The resulting equations of motion arë
The definitions of the last section carry over, but we must introduce a new time derivative D t which acts as a kind of covariant derivative:
Our formulae then remain valid, with this derivative in place of the normal time derivative. For example, in terms of a generic metric on field space γ ab the curvature becomes
Geometric quantities for our field space metric (curvature is in units of inverse mass) are then given by the following expressions,
where we note that the latter is the extrinsic curvature and should not be confused with the intrinsic curvature κ.
Introducing the definitionσ ≡ ˙ α we havė
The tangent vector components are
where the index one and two refer to the heavy and light field, respectively. The normal vector components instead are given by:
where V N is the projection of the gradient potential along the normal direction, V N = V a N a .
The equation of motion along the trajectory in field space is
where V σ = V a T a is the potential projected along the tangent direction. The Einstein equations may also be written in terms of the inflaton motion along the curve:
The slow roll conditions then become
and using
we have:
From these expressions one can show that the curvature is
It is important to emphasize that although this expression involves non-zero curvature of the field space (via the function f (ϕ H ) -see (A19) above) this doesn't necessarily guarantee curvature of the trajectory (A33). For example, we can have non-zero field space curvature while having κ = 0. We can also obtain a non-zero κ, even if the field space curvature completely vanishes (e.g., γ ab = δ ab ).
This is because particular choices of the parameters in the potential can lead to curved trajectories as well.
Since we are interested in local effects of the scalar field (meaning ∆t H −1 ), gravity decouples and the essential physics is simply described in terms of the curvature of the trajectory. However, it is possible to define a slow turning parameter η ⊥ as was done e.g. in [20, 21] and using our definition of curvature we find
Note that in the limit in whichφ H andφ H can be neglected, the turning parameter reduces to
We close this section with some useful formulae for connecting the fields with the geometric quantities aboveσ
where we note thatσ here isφ 0 in [21] corresponding to the adiabatic or tangent motion in field space.
Connection with the Geometric Approach of Shiu and Xu
Recall from the text that we can expand the light field around the last moment of adiabaticity, which gives:
... ϕ L (r)| (t − r) 2 .
We note that these equations are approximations for small ∆t and, in particular, the term ... ϕ L is only constant up to O(t − r). We also recall that the interval during which particle production takes place is given by
with ∆t the upper bound on the time period of non-adiabaticity, i.e. t − r ∆t if we are interested in physics during the violation of adiabaticity.
Given these basic formulae, and the fact that we are interested in at most a small turn δθ in field space in the heavy field direction (we neglect terms of order δθ 2 or smaller), we find the following relationships between the light and heavy field and the parameters of [21] : 
δθ =φ
The turn rateθ/H of [21] is related to our parameters via:
and is therefore non-vanishing even in the case of δθ = 0. Derivatives of the potential in the
